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Recently, Coons’ interpolation was used for the construction of large ﬁnite elements with degrees of freedom appearing
mostly along the boundaries of a structure. So far, these so-called Coons-patch macroelements were successfully applied to
the analysis of two-dimensional and axisymmetric elastic structures as well as potential problems including Poisson equa-
tion and acoustics. Now, this paper continues the research by investigating their applicability and performance in calcu-
lating the propagation of elastic waves within continua due to sudden loads. Explicit (central diﬀerence) and implicit
(h-Wilson) time-integration schemes have been successfully applied to four typical model problems in conjunction with
the proposed Coons-patch macroelements—without and with substructuring—and the results are successfully compared
with conventional ﬁnite elements having the same number of nodes along the boundary. Finally, theoretical issues between
the proposed global technique and well-established computational methods are discussed.
 2006 Elsevier Ltd. All rights reserved.
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The numerical solution of elasticity problems is an open task for over a century. Early attempts made by
Ritz (1908) and Treﬀtz (1926) were based on global approximation of the displacement within the whole struc-
ture. Later, ﬁnite element methods (FEM) suggested several local approximation schemes (Zienkiewicz, 1977);
within the context of isoparametric assumptions, Taig’s (1961) work should be mentioned. However, due to
high manual eﬀort required to data preparation (related to the mesh generation task) as well as further needs
for increased accuracy in calculations, a lot of attempts have been made so far in order to replace conventional0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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C.G. Provatidis / International Journal of Solids and Structures 43 (2006) 6688–6706 6689ﬁnite element methods. Within this context, coupling of conventional and ﬁnite element Ritz methods (Mote,
1971), rational/polygonal ﬁnite element methods (Wachspress, 1975; Dasgupta, 2003; Malsch and Dasgupta,
2004), boundary element methods (BEM) (e.g. Brebbia and Dominguez, 1992) as well as meshfree and mesh-
less techniques (Atluri, 2004; Belytschko et al., 1994; Liu, 2003) have been applied. In the area of computa-
tional elastodynamics, which is the topic of this paper, a very eﬃcient but speciﬁc numerical method for
wave propagation problems has been developed by Liu et al. (1991). A concise treatment of the ﬁnite diﬀer-
ence, ﬁnite element and meshless methods can be found in the textbook of Boresi et al. (2003).
Although it is not an easy job to evaluate diﬀerent methods, BEM cannot be considered as a deﬁnite substi-
tute of FEM in the regime of dynamic analysis, basically for two reasons. First, the original BEM formulation
suﬀers from frequency-dependent fundamental solutions that lead to a nonalgebraic problem. Second, the alter-
native dual reciprocity formulation (DR/BEM) depends on the choice of the radial basis functions or requires
internal nodes (Provatidis and Kanarachos, 1995; Agnantiaris et al., 1996; Rashed, 2002a,b; Provatidis, 2004b).
Also, there are many meshfree methods that do not require a mesh to discretize the problem domain, and
the appropriate solution is constructed entirely based on a set of scattered nodes (EFG, PIM, MLPG, coupled
EFG/BEM, among others); the interested reader may consult two textbooks (Atluri, 2004; Liu, 2003). In
meshfree approaches, there are also boundary type methods that use only nodes on the boundary of the prob-
lem domain, such as the work by Liu and Gu (2004) and Gu and Liu (2002), which can also work with domain
types of methods such as FEM (Liu and Gu, 2000a,b); more details will be presented in the discussion (Section
6) at the end of this paper. Although these methods generally work well, the meshfree techniques are some-
times restricted due to diﬃculties related to the inversion of the matrix of coeﬃcients (Liu et al., 2002). There-
fore, the need of an eﬀective technique is still under demand.
Within this context, during the last six years the author has followed a new global approximation approach
to construct large ﬁnite elements with the nodal points mostly along the boundaries. The background of the
relevant method is the Coons’ interpolation formula, which is well known in CAD-surface theory and was
applied to the automotive industry of USA since middle 1960s. In the framework of engineering analysis, this
method has been successfully applied mainly to potential (Provatidis and Kanarachos, 2001; Provatidis, 2002,
2004a, 2006a) and static elasticity problems (Provatidis, 2003a, 2005c). Preliminary elastodynamic analyses
have been also reported for the extraction of natural frequencies (Provatidis, 2003b).
Since not adequate experience exists regarding the behavior of Coons-patch macroelements in transient
elastodynamics, it is the aim of this paper to further investigate their capability of solving wave-propagation
and transient dynamics using typical standard time-integration schemes and compare with conventional FEM
for four test cases chosen from literature. Moreover, a discussion about slightly related alternative methods
such as higher order p-methods and meshfree techniques is attempted.
2. Formulation of Coons-patch macroelements (CPM)
2.1. General theory
Two-dimensional Coons-patchmacroelements (CPM) treat the entire problem domain, or a large portion of
that, as a four-sided patch ABCD on the (x,y)-plane. The real patch is mapped to a reference patch (n,g),
where the normalized curvilinear coordinates vary between 0 and 1 (0 6 n,g 6 1) as shown in Fig. 1. Accord-
ing to Coons’ interpolation formula, each point x(n,g) = {x(n,g), y(n,g})T in the patch can be approximated
by its boundaries (x(n, 0),x(n, 1),x(0,g),x(1,g)) as follows:xðn; gÞ ¼ E0ðnÞxð0; gÞ þ E1ðnÞxð1; gÞ þ E0ðgÞxðn; 0Þ þ E1ðgÞxðn; 1Þ  E0ðnÞE0ðgÞxð0; 0Þ
 E1ðnÞE0ðgÞxð1; 0Þ  E0ðnÞE1ðgÞxð0; 1Þ  E1ðnÞE1ðgÞxð1; 1Þ ð1Þwhere the blending functions can be chosen, for example, to be linear as follows:E0ðnÞ ¼ 1 n; E1ðnÞ ¼ n
E0ðgÞ ¼ 1 g; E1ðgÞ ¼ g
ð2ÞNow, an isoparametric macroelement is generated by applying Eq. (1) for the interpolation of the displace-
ment vector u(n,g) = {u(n,g),v(n,g)}T within the patch, as follows:
Fig. 1. Real and reference Coons-patches surrounded by four sides.
6690 C.G. Provatidis / International Journal of Solids and Structures 43 (2006) 6688–6706uðn; gÞ ¼ E0ðnÞuð0; gÞ þ E1ðnÞuð1; gÞ þ E0ðgÞuðn; 0Þ þ E1ðgÞuðn; 1Þ  E0ðnÞE0ðgÞuð0; 0Þ
 E1ðnÞE0ðgÞuð1; 0Þ  E0ðnÞE1ðgÞuð0; 1Þ  E1ðnÞE1ðgÞuð1; 1Þ ð3ÞTo become more clear, let us assume that the sides AB, BC, CD and DA include q1, q2, q3 and q4 nodes,
respectively. Then, the total number of nodes along the boundary of the patch becomesqe ¼ q1 þ q2 þ q3 þ q4  4 ð4Þ
If the univariate boundary functions u(n, 0), u(n, 1), u(0,g) and u(1,g) in (3) are interpolated by any set of trial
functions Bjðn^Þ (n^ is either n or g; the upper index in Bj below corresponds to the relevant side):Side AB: uðn; 0Þ ¼
Xq1
j¼1
BABj ðnÞuðnj; 0Þ
Side BC: uð1; gÞ ¼
Xq2
j¼1
BBCj ðgÞuð1; gjÞ
Side CD: uðn; 1Þ ¼
Xq3
j¼1
BCDj ðnÞuðnj; 1Þ
Side DA: uð0; gÞ ¼
Xq4
j¼1
BDAj ðgÞuð0; gjÞ
ð5Þand then Eq. (3) is collocated to all boundary nodes of the reference macro-element, one can construct the
global cardinal shape functions Ni(n,g) within the Coons-patch, so that the solution u(n,g) is approximated byuðn; g; tÞ ¼
Xqe
j¼1
Njðn; gÞujðtÞ; ð6Þwith uj(t) denoting time-dependent displacement at nodal point ‘i’, appearing only at the boundaries of the
macro-element, and qe the total number of the nodes along that. Following the previously mentioned proce-
dure, one can derive the following expressions for the global shape functions:
C.G. Provatidis / International Journal of Solids and Structures 43 (2006) 6688–6706 6691(i) Corner nodesNAðn; gÞ ¼ E0ðnÞBDAq4 ðgÞ þ E0ðgÞBAB1 ðnÞ  E0ðnÞE0ðgÞ
NBðn; gÞ ¼ E1ðnÞBBC1 ðgÞ þ E0ðgÞBABq1 ðnÞ  E1ðnÞE0ðgÞ
NCðn; gÞ ¼ E1ðnÞBBCq2 ðgÞ þ E1ðgÞBCD1 ðnÞ  E1ðnÞE1ðgÞ
NDðn; gÞ ¼ E0ðnÞBDA1 ðgÞ þ E1ðgÞBCDq3 ðnÞ  E0ðnÞE1ðgÞ
ð7Þ(ii) Interior nodes to AB (local numbering)Njðn; gÞ ¼ E0ðgÞBABj ðnÞ; 2 6 j 6 q1  1 ð8Þ
(iii) Interior nodes to BC (local numbering)Njðn; gÞ ¼ E1ðnÞBBCj ðgÞ; 2 6 j 6 q2  1 ð9Þ
(iv) Interior nodes to CD (local numbering)Njðn; gÞ ¼ E1ðgÞBCDj ðnÞ; 2 6 j 6 q3  1 ð10Þ
(v) Interior nodes to DA (local numbering)Njðn; gÞ ¼ E0ðnÞBDAj ðgÞ; 2 6 j 6 q4  1 ð11Þ2.2. Remarks
1. Apart from the abovementioned boundary-only formulation it is also possible to use additional internal
nodes. Then, the formulas (7)–(11) remain almost the same but the polynomial degree of involved blending
functions Ei increases in accordance to the number of internal points along the n and g directions. More-
over, the global shape functions associated to the internal nodes become tensor products of the blending
functions Ei (Provatidis, 2004c, 2006a).
2. It is noted that the global shape functions Nj(n,g) constructed by the above procedure possesses the Kro-
necker delta function property, i.e. Nj(ni,gi) = dij, and also unit partition property, i.e.
Pqe
j¼1Njðn; gÞ ¼ 1,
which ensures that the rigid body motion can be represented by the global shape function.
3. It is also clariﬁed that the same shape functions hold for both the u- and v-components. In other words,
u(n,g) depends on only the u-values of the macroelement while v(n ,g) depends on only the v-values, an
assumption valid for the conventional ﬁnite elements, too. Nevertheless, it can be validated that Coons-
patch macroelements fulﬁll constant strain and compatibility requirements (Provatidis, 2005c).
4. In principle, the set of trial functions BSIDEj ðn^Þ, involved in Eqs. (7)–(11), may be arbitrary chosen but they
should be linearly independent and complete. Typical cases may be piecewise-linear or piecewise-quadratic,
cubic B-splines, Lagrange polynomials per side, et cetera. Obviously, there is no restriction and any com-
bination of diﬀerent interpolation is allowed. For example, interpolation along AB may be piecewise-linear
while along BC may be piecewise-quadratic, along CD may be cubic B-splines, and so on.
3. Transient analysis
The global shape functions (7)–(11) relate the displacement, u, the strain, e, and stress, r, at every point
inside the macroelement with the nodal values as follows:uðx; y; tÞ ¼ Nðx; yÞaðtÞ
eðx; y; tÞ ¼ Bðx; yÞaðtÞ
rðx; y; tÞ ¼ Eeðx; y; tÞ ¼ EBðx; yÞaðtÞ
ð12Þ
6692 C.G. Provatidis / International Journal of Solids and Structures 43 (2006) 6688–6706where a(t) denotes the nodal displacement vector mostly at the element boundary, N the shape functions, E the
elasticity matrix and B the well known diﬀerential operator. Therefore, following the standard ﬁnite element
procedure, the matrix formulation that describes the propagation of elastic waves is given by½M €aðtÞf g þ C½  _aðtÞf g þ K½  aðtÞf g ¼ FðtÞf g ð13Þ
where the ‘mass’ [M] and ‘stiﬀness’ [K] matrix are given by½M ¼
Z
X
NTqNdX ð14Þ
½K ¼
Z
X
BTEBdX ð15Þand the vector of the external force byFðtÞf g ¼
Z
C
NTrCðtÞdC ð16ÞEq. (13) applied to a macroelement or an assembly of them can be solved by using any technique applicable to
conventional FEM. Therefore, explicit time-integration schemes such as the central-diﬀerence as well as im-
plicit schemes such as h-Wilson, among others, can be applied.
Remarks:
(1) With respect to the domain integrals appearing in Eqs. (14) and (15), it is suggested to apply Gaussian
quadrature using a few points (e.g. 2 · 2 integration points) in more integration cells, which are deﬁned
in the reference macro-element by n = constant and g = constant families of the introduced DOFs. Obvi-
ously, the so-produced matrices ([M], [C] and [K]) are symmetric. Moreover, [K] and [C] are fully occu-
pied while [M] is half-full due to the fact that mij = 0 when the index ‘i’ corresponds to a horizontal and
‘j’ to a vertical displacement component and vice-versa.
(2) The only known diﬀerence between Coons-patch macroelements and conventional ﬁnite elements is that
CPM must be applied in conjunction with only the consistent mass matrix; otherwise it may diverge.
4. Numerical results
In order to assess the accuracy of the proposed procedure, four test cases in plane-stress conditions will be
worked out using the proposed CPM approach and the conventional FEM technique. The FEM code used
was the ‘in-house’ academic program FEAP, being practically an extension of the Taylor’s code cited in Zie-
nkiewicz (1977), properly enriched by the explicit and h-Wilson time-integration schemes taken from Bathe
(1982, Chapter 9).
In the sequence, four diﬀerent models are studied as follows:
Model FEM: Conventional FE formulation using four-node bilinear isoparametric elements.
Model C1: Coons-patch macroelements using piecewise-linear interpolation.
Model C2: Coons-patch macroelements using cubic B-splines interpolation per each side.
Model C3: Coons-patch macroelements using Lagrange interpolation per each side.
4.1. Example 1: Strip of inﬁnite length and ﬁnite width, ﬁxed at one end and subject to tensile dynamical tractions
at the other
This example is treated by Eringen and Suhubi (1975, p. 471) using eigenvalue analysis. Since generalized
symbols have been there used, more details are given below with respect to the exact solution. An additional
reason supporting the need for further explanations is a minor diﬀerence concerning the peak displacement
value that has been observed in literature (Rashed, 2002a, p. 1358).
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p(t) = p · H(t  0) is applied to the other end x = L, with H denoting the Heaviside function. Due to the inﬁ-
nite length, the displacement component towards y-direction becomes zero (v = 0) and therefore ey = 0. Under
these circumstances, Hooke’s law in this plane-stress situation implies:Fig. 2.
and (cex ¼ ð1 m
2Þ
E
rx ¼ ð1 m
2Þ
E
p ð17ÞAs the normal stress and strain (rx, ex) does not depend on the coordinate x (it possesses a constant value
within the whole strip), the maximum static displacement is given byustatic ¼ ð1 m2Þ  pLE ð18Þand not by pL/E that happens for the case of a bar (Pipes and Harvill, 1981, pp. 494–496). Also, based on
eigenvalue analysis found in Eringen and Suhubi (1975, p. 471), the dynamical displacement is twice the above
static value. From the latter, one can immediately conclude thatudynamic ¼ ð1 m2Þ  2pLE ð19ÞDue to the fact that ey ¼ 1E ðry  mrxÞ ¼ 0, the second normal stress is found as
ry ¼ mrx ð20ÞMoreover, by substituting Hooke’s law into the stress equilibrium equation, one obtains that the longitudinal
wave velocity is given byc1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E
ð1 m2Þq
s
ð21ÞIt is worth mentioning that Eq. (21) diﬀers than the well known three-dimensional expression
c3D1 ¼ ððkþ 2lÞ=qÞ1=2, because the latter refers to the inﬁnite medium.
Following Rashed (2002a), the shadowed area ABCD (L = 4 m, H = 2 m) is analyzed using the shown
boundary conditions. The following material properties are considered: m = 0.25, l = 4 · 104 Pa and
q = 1 kg/m3. A mesh of eight and four uniform subdivisions along the x and y-directions, respectively, has
been chosen as shown in Fig. 2b. For comparison purposes, conventional FEM analysis is also performed
using the mesh shown in Fig. 2c. Based on this particular mesh (Dx = 0.50 m), the CFL-criterion determines
the maximum allowable time step, which is given by DtCFLcr ¼ Dx=c1 ¼ 1:53E 3 s.(a) Inﬁnite strip under tension. A patch ABCD is isolated and constitutes the domain: (b) Coons-patch macroelement (24 nodes)
) 32 conventional ﬁnite elements (45 nodes).
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According to standard knowledge concerning the explicit central-diﬀerence scheme (e.g. Bathe, 1982, p.
503), the integration method requires that the time step Dt is smaller than a critical value, Dtcr, that isTable
Examp
Model
FEM
CPM–
CPM–
CPM–
Minim
Fig. 3.
linear,
Dt ¼ 0Dt 6 Dtcr ¼ T np ¼
2
xn
ð22Þwhere Tn (xn) is the smallest period (cyclic frequency) of the ﬁnite element assemblage with n degrees of
freedom.
The minimum and maximum eigenvalues calculated using FEM and CPM are given in Table 1. Also, the
fourth column shows the critical time-step calculated through Eq. (22) while the last column shows the scaling
factor to the critical value of time step based on the CFL-criterion.
By virtue of the ﬁndings in Table 1, we investigate the performance of the four alternative formulations
using the following time-steps: 0.50, 0.25 and 0.125 times the CFL-based critical time step
DtCFLcr ¼ 1:5309E 3 s. Displacements obtained at point E (cf. Fig. 2) using Dt ¼ 0:50DtCFLcr are shown in
Fig. 3, while corresponding tractions at F in Fig. 4. It is noted that in Fig. 3 the FEM solution is not shown
because it coincides with the model C1 up to 0.12 s, a time instant from where and further the FEM diverges
while C1 continues to be accurate and stable. For this case the model C2 (cubic B-splines) is accurate too. It is
also noted that for this particular time step, the model C3 diverged.
One can notice in Fig. 4 that model C2 is more accurate than C1, again the last being numerically coinci-
dent with results obtained through the conventional FEM.
By further decreasing the time step to Dt ¼ 0:25DtCFLcr (Figs. 5 and 6) one can notice that the abovemen-
tioned results improve but again the Lagrange-polynomial interpolation (model C3) does not work. As pre-
viously happened, model C2 is better than model C1. Again, the conventional FEM solution coincided1
le 1 (inﬁnite strip in tension)
Eigenvalues Critical time step according
to Eq. (22) Dt (s)
Dt=DtCFLcr
Minimum (s2) Maximum (s2)
1.6502E+4 6.8952E+6 7.6165E04 0.498
C1 1.6502E+4 5.0957E+6 8.8599E04 0.579
C2 1.6451E+4 4.0417E+6 9.9482E04 0.650
C3 1.6446E+4 3.5507E+7 1.6782E04 0.110
um and maximum calculated eigenvalues and critical time step using all four alternative formulations.
Displacement history for point ‘‘E’’ in an inﬁnite strip problem using two alternative Coons-patch formulations (C1: piecewise-
C2: cubic B-splines). The conventional FEM is not shown because it numerically coincides with model C1. Time step:
:50DtCFLcr ¼ 7:6547E 4 s and central-diﬀerence scheme was used.
Fig. 4. Normal traction history for point ‘‘F’’ in an inﬁnite strip problem using two alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines) and conventional FEM. Results obtained through the FEM are numerically equal to those obtained by the
model C1. Time step: Dt ¼ 0:50DtCFLcr ¼ 7:6547E 4 s and central-diﬀerence scheme was used.
Fig. 5. Displacement history for point ‘‘E’’ in an inﬁnite strip problem using two alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines) and conventional FEM. Time step: Dt ¼ 0:25DtCFLcr ¼ 3:8273E 4 s and central-diﬀerence scheme was used.
Fig. 6. Normal traction history for point ‘‘F’’ in an inﬁnite strip problem using two alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines) and conventional FEM. The last numerically coincides with C1-model. Time step:
Dt ¼ 0:25DtCFLcr ¼ 3:8273E 4 s and central-diﬀerence scheme was used.
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although they concern two diﬀerent element formulations.
Fig. 8. Normal traction history for point ‘‘F’’ in an inﬁnite strip problem using three alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines, C3: Lagrange polynomials) and conventional FEM. Time step: Dt ¼ 0:125DtCFLcr ¼ 1:9137E – 4 s and central-
diﬀerence scheme was used.
Fig. 7. Displacement history for point ‘‘E’’ in an inﬁnite strip problem using three alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines, C3: Lagrange polynomials) and conventional FEM. Time step: Dt ¼ 0:125DtCFLcr ¼ 1:9137E – 4 s and central-
diﬀerence scheme was used.
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can notice that the abovementioned results further improve and also the Lagrange-polynomial interpolation
(model C3) works. Again, the conventional FEM solution coincided numerically with the particular Coons-
macroelement based on the piecewise-linear formulation (Model C1), although they concern two diﬀerent ele-
ment formulations.
Now, model C2 (cubic B-splines) appears the best behavior and it is very close to the solution through
Lagrange polynomials (model C3).
4.1.2. h-Wilson method
In order to investigate the performance of the Coons-patch macroelements to implicit time-integration
methods, the h-Wilson has been chosen as a representative. The same time-steps plus one as previously were
selected, i.e. 1.00, 0.50, 0.25 and 0.125 times the CFL-based critical time step DtCFLcr ¼ 1:5309E 3 s. In this
case, it was found that:
Fig. 9. Displacement history for point ‘‘E’’ in an inﬁnite strip problem using three alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines, C3: Lagrange polynomials) and conventional FEM. Time step: Dt ¼ 0:125DtCFLcr ¼ 1:9137E – 4 s and h-Wilson
scheme.
Fig. 10. Normal traction history for point ‘‘F’’ in an inﬁnite strip problem three alternative Coons-patch formulations (C1: piecewise-
linear, C2: cubic B-splines, C3: Lagrange polynomials) and conventional FEM. Time step: Dt ¼ 0:125DtCFLcr ¼ 1:9137E – 4 s and h-Wilson
scheme.
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based on the piecewise-linear formulation (Model C1), although they concern two diﬀerent element
formulations.
• Model C3 (Lagrange polynomials) works very well for all the above time steps.
As an example, the corresponding results using a time step: Dt ¼ 0:125DtCFLcr ¼ 1:9137E – 4 s are shown in
Figs 9 and 10.
4.2. Example 2: Rectangular cantilever under ﬂexural load
This example was taken from Rashed (2002b). It refers to a rectangular cantilever plate of dimensions
(2 · 4 m2) as shown in Fig. 11. The plate is loaded by shear impulse according to the loading proﬁle shown
in the same ﬁgure. The mechanical properties were chosen as follows: l = G = 4 · 104 t/m2 and m = 0.25.
The plate is considered in plane-stress situation. As previously, a mesh of eight and four uniform subdivisions
along the x and y-directions, respectively, has been chosen to discretize its boundary.
In the sequence, Table 2 presents the minimum and maximum calculated eigenvalues using the conven-
tional FEM and the three variations of Coons-patch macroelements. The transverse wave velocity is given
by c2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
l=q
p ¼ 200 m=s whence the CFL critical time step becomes DtCFLcr ¼ Dx=c2 ¼ 0:5=200 ¼ 0:0025 s.
Fig. 11. Cantilever plate under uniform ﬂexural load: (a) dimensions and CPM discretization, (b) FEM discretization and (c) loading
proﬁle.
Table 2
Example 2 (cantilever)
Model Eigenvalues Critical time step
according to Eq. (22) Dt (s)
Dt=DtCFLcr
Minimum (s2) Maximum (s2)
FEM 1.2366E+3 6.9993E+6 7.5597E04 0.302
C1 1.2870E+3 5.2061E+6 8.7655E04 0.351
C2 1.2557E+3 4.5493E+6 2.9652E04 0.119
C3 1.2518E+3 3.5577E+7 1.0603E03 0.424
Minimum and maximum calculated eigenvalues using all formulations.
Fig. 12. Deﬂection history for point ‘‘E’’ in a cantilever problem using two alternative Coons-patch formulations (C1: piecewise-linear,
C2: cubic B-splines) and conventional FEM. Time step: Dt = 0.0005 s using the central-diﬀerence scheme.
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Fig. 13. Deﬂection history for point ‘‘E’’ in a cantilever problem using three alternative Coons-patch formulations (C1: piecewise-linear,
C2: cubic B-splines, C3: Lagrange) and conventional FEM. Time step: Dt = 0.001 s using h-Wilson scheme.
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tion history at the point E is presented in Fig. 12 while model C3 diverges. It is noted that the central-diﬀerence
scheme generally diverged when the time step became twice (Dt = 0.001 s).
On the contrary, h-Wilson works for even the aforementioned time step, Dt = 0.001 s, for all CPM formu-
lations as shown in Fig. 13. It can be also noticed in Figs. 12 and 13 that the FEM does not coincide with the
model C1 as happened for the ﬁrst example.
4.3. Example 3: Plate with a hole in axial tension
The geometry of this example was taken from Beissel and Belytschko (1996, p. 62) and aims to show that
the proposed method is applicable to more complicated domains. Consider a perforated strip in axial tension
under plane stress conditions as shown in Fig. 14. The material and dynamic force parameters are as follows:E ¼ 2 107 N/cm2; m ¼ 0:3; q ¼ 0:00785 kg/cm3; pðtÞ ¼ p  Hðt  0Þ; p ¼ 1 104 N/cm2.
Due to the symmetry of both geometry and applied load, only a quarter of the strip was analyzed. There-
fore, the domain is not surrounded by four straight lines (as happened in the two previous examples) but ﬁve
ones: a circular arc and four straight lines. In the following, three alternative discretizations will be studied.
First, the boundary was discretized using 48 nodes, and this model corresponds to the boundary discretizationFig. 14. Geometry and loading of plate with a hole.
Fig. 15. Vertical displacement history at point A.
6700 C.G. Provatidis / International Journal of Solids and Structures 43 (2006) 6688–6706used by Pan et al. (2005, p. 187); in this discretization the side CD of the reference square consists of two
straight segments, i.e. CE and ED (Fig. 14). Second, the structure was divided into two equal macroelements
that are deﬁned by the ‘diagonal’ of the hatched area in Fig. 14 passing through the center of the circular hole.
For the sake of briefness, in these CPM solutions only the performance of the model C1 (piecewise-linear) is
reported. Third, the results in terms of the history of the vertical displacement of point A are compared with
those obtained by the ﬁnite element FEAP in which the mesh (169 nodes, 144 four-node elements) was taken
very similar with that used in the meshless method of Pan et al. (2005, p. 187). One can notice in Fig. 15 that
the proposed CPM is in good accordance to the FEM solution. The choice of point A is the worst case as it
corresponds to the maximum stress while at other nodes such as the middle of the loaded segment CE the dif-
ferences are much smaller.
4.4. Example 4: Frame-like structure
This example demonstrates the accuracy of the proposed CPM methodology to a still more complex shape,
a frame-like structure under dynamic loading as shown in Fig. 16a. Following Brebbia (1985), the physical
constants were taken as (E/q = 104, m = 0.20) while plane stress situation was considered. In all cases a time
step Dt = 0.005 s has been used in conjunction with the h-Wilson method.
The initial CPM model consists of 48 boundary nodes (Fig. 16a) while the FEM model of 105 nodes (of
which 48 belong to the boundary) and 80 bilinear elements (Fig. 16b). The results for the transient analysis
at mid-point M are shown in Fig. 16c. It can be there noticed that the boundary-only CPM solution is rather
poor as it appears about 9.3% underestimation of the amplitude for model C2 (and 13.8% for model C1) with
respect to the FEM solution; this probably happens because two opposite sides (AD and BC) of the Coons
patch are ﬁxed thus allowing only one out of the two projections and no subtraction in Eq. (3).
In order to improve the accuracy of the results, two strategies were applied.
First, the domain was progressively decomposed. For example, it was found that in the extreme case of ﬁve
equal 16-nodded macroelements of type C2, each of dimensions 2.0 · 2.0 (totally 60 nodes), the relative error
reduces from 9.3% to 4.9% (the graph is not shown).
Second, internal nodes were introduced (c.f. Remark 1 in Section 2.2). In case of 21 internal nodes at n =
i/8, i = 1, . . . , 7 and g = j/4, j = 1, . . . , 3, the solution drastically improves. It is noted than 7 diﬀer than both 11
and 27 intermediate boundary nodes lying along g = 0 and g = 1, respectively. It can be noticed in Fig. 16c
that the cubic B-splines based numerical solution (model ‘C2 plus 3 · 7’) is hardly distinguished from the
FEM solution, while the piecewise-linear one is adequately satisfactory (3.7% relative error in amplitude,
not illustrated).
Fig. 16. Frame-like structure: (a) geometry, loading and CPM discretization, (b) FEM discretization, (c) horizontal displacement at mid-
point M using cubic B-splines (C2) formulation, using either 21 (= 7 · 3) internal nodes (red dotted line) or boundary-only model (–·–
line). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the Web version of this article.)
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Usually, boundary methods have the well-known problem of scalability, i.e., they are characterized by a
nonlinear growth of computational eﬀort with problem size. In this framework, it has been reported by Pro-
vatidis (2004a, pp. 388–389) that in case of a ﬁne boundary discretization the smaller full mass and stiﬀness
matrices of the proposed CPM may require more computer eﬀort than those of the conventional FEM, of
course for the same number of boundary nodes. It is reminded that a similar behavior characterizes the
well-known BEM, but in both cases the domain could be divided into large subregions so that to create
banded matrices. However, despite this ‘shortcoming’, which is probably not that critical due to the powerful
computers of today, the overall design cost is reduced in two ways. First, the data preparation (labor) cost is
reduced due to boundary discretization only, in an analogous manner as happens in BEM (Brebbia and
Dominguez, 1992). Second, after the computation of the two matrices, even if the banded or skyline storage
of the FEM is considered, there is usually a trade-oﬀ of time steps in the time-integration phase at which and
further analysis computer eﬀort may be in favor of CPM.
As an example we consider the computer eﬀort of the third Example (plate with a hole) where one Coons
macroelement (48 nodes) was used versus 144 four-node ﬁnite elements (169) nodes. Concerning stiﬀness and
mass matrices, the required CPU-time was 3.2 · 101 s and 7.0 · 102 s, respectively, that is in favor of the
FEM solution. In contrast, the additional CPU-time required for 4000 time steps was 4.7 s and 50.5 s, in favor
of the proposed CPM method, although bandwith and lumped mass considerations were taken into account
for the FEM solution. In this academic computational experiment, a PC Intel Pentium III, 450 MHz, 256 MB
of RAM was used.
6. Discussion
The numerical tests of Section 5 depict that the proposed global method is eﬀective in solving small
problems in smooth ﬁelds (no discontinuities) and simple shapes of the domain. For the complex practical
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This disadvantage is overcome either by domain decomposition in a small number of concave substructures or
by automatically introducing internal nodes in equal n and g distances. Detailed convergence studies have
been recently performed and an alternative zonal solution has been also proposed (Provatidis, 2005c).
Generally, when Lagrange polynomials (model C3) are used in conjunction with a large number of nodes
along a side of the Coons macroelement, the order of the interpolation will become high, thus leading to
numerical instability; in this case it is suggested to deal with up to 8–12 subdivisions per side. The remedy
is to use either piecewise-linear (model C1) or cubic B-splines (model C2) in both boundary-only or in con-
junction with internal nodes; similarly, the latter should be again less than 10 per direction.
Below, some theoretical issues concerning the diﬀerences between the proposed CPM technique and well-
established methods are discussed.6.1. Basis functions
For the sake of briefness, let us consider only the particular case of Model-C3 (univariate Lagrange poly-
nomials) in which the sides AB and AD of the Coons patch (Fig. 1) are discretized into p = q1  1 = q4  1
segments. Then, the univariate function u(n, 0) and u(0,g) are polynomials of p-degree in both n and g and,
therefore, Eq. (3) includes the following monomials:1; n; . . . ; npf g
1; n; . . . ; npf gg
1; g; . . . ; gpf g
1; g; . . . ; gpf gn
ð23ÞIn other words, the boundary-only CPM formula (Eq. (3)) includes all monomials appearing in the ‘legs’ of
Pascal’s triangle with a surplus of two ‘layers’, a conclusion that reveals a coincidence of CPM (model C3)
with the well-known serendipity type ﬁnite elements (cf. Zienkiewicz, 1977, p. 160). It has been also explained
by Provatidis (2006a) that the use of some internal nodes in CPM may ‘sweep’ the spectrum between seren-
dipity and Lagrange type ﬁnite elements. Internal nodes are absolutely necessary in structures ﬁxed along their
entire boundary (Dirichlet support conditions).
From a diﬀerent point of view, the proposed CPM method is a contribution in the so-called higher
order p-methods (Szabo´ and Babusˇka, 1991, p. 98). It is worth mentioning that a boundary-only CPM
shares the same functional space with a p-element in which only corner and side nodes (modes) are con-
sidered; the diﬀerence lies on the fact that in p-methods the side modes refer to rather nodeless coeﬃcients.
Concerning internal nodes (modes), which are generally necessary in order to get full polynomials, there
are many diﬀerences between CPM and p-methods but a thorough discussion is out of the scope of this
paper.
6.2. Main diﬀerences from the meshfree methods
As it is overviewed by Liu and Gu (2004) in their excellent paper, several ‘domain’ type meshfree methods,
such as the element free Galerkin (EFG) method, the reproducing kernel particle method, the point interpo-
lation method (PIM), the local point interpolation method, the meshless local Petrov–Galerkin (MLPG)
method have been proposed in static and dynamic problems for solids and structures. Techniques of coupling
meshfree techniques such as FEM and BEM have been also proposed (Atluri, 2004; Liu, 2003). In meshfree
approaches, there are also boundary type methods that use only nodes on the boundary of the problem
domain, such as the work by Liu and Gu (2004) and these methods can also work with domain types of meth-
ods such as FEM. Below, a short discussion will be attempted so that to help readers to better understand the
current CPM method in comparison with these meshfree methods. For the sake of briefness, instead of vector
displacements u, below we shall refer to a scalar quantity u, which may correspond to the x-component or the
main variable in potential problems.
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The main idea in meshfree methods is to interpolate the variable u(x) in terms of the surrounding nodes of a
point x using a functional basis of polynomials as follows:uðxÞ ¼
Xn
i¼1
piðxÞai ¼ pTðxÞa ð24Þwhere pi(x) is a monomial in the space coordinates x
T = [x,y], n is the number of nodes in the neighborhood of
x, ai is the coeﬃcient for pi(x) corresponding to a given point x. According to Liu and Gu (2004), pi(x) is built
utilizing Pascal’s triangle, so that the basis is complete.
By collocating Eq. (24) at the n abovementioned nodes, a relationship between the nodal variables and the
coeﬃcients is obtained as follows:ue ¼ P0a ð25Þ
wherea ¼ ½a1; a2; . . . ; anT ð26Þ
ue ¼ ½u1; u2; . . . ; unT ð27Þ
P0 ¼
1 x1 y1 x1y1   
1 x2 y2 x2y2   
..
. ..
. ..
. ..
. ..
.
1 xn yn xnyn   
2
66664
3
77775 ð28ÞFrom Eq. (25) one can obtain the coeﬃcients aa ¼ P10 ue ð29Þ
Finally, by substituting Eq. (29) into Eq. (24) one can obtainuðxÞ ¼ /ðxÞue ð30Þ
where the shape function /(x) is deﬁned by/ðxÞ ¼ pTðxÞP10 ¼ /1ðxÞ;/2ðxÞ; . . . ;/nðxÞ½  ð31Þ
Although it is very diﬃcult to criticize the numerous meshfree techniques, it is worthy to remind that the above
(and other) meshfree procedures:
• Refer to a compact support domain of ‘diameter’ d, which is usually signiﬁcantly smaller than the entire
problem domain X.
• Lack the Kronecker delta function properties.
• Sometimes they require penalty methods to deal with Dirichlet boundary conditions (ﬁxed supports).
• Sometimes require a background mesh to deal with domain integration.
6.2.2. Coons-patch macroelement (CPM)
In case of the proposed CPM method, Eqs. (24)–(31) could be also applied for the entire macroelement, as
it is the case of standard ﬁnite element procedure in early research times (Zienkiewicz, 1977, p. 151). However,
instead of that, it is more eﬃcient to use Eqs. (7)–(11), as they require no inversion of the moment matrix P0.
Moreover, the proposed CPM technique is more general as it allows for the use of other interpolation schemes
such as model-C1 (piecewise-linear) and model-C2 (cubic B-splines). A main reason for the choice of Eqs. (7)–
(11) lies on the fact that the functional space given by Eq. (23) concerns the reference unit square (master
element), which only in case of rectangular domains of dimensions a · b is reserved (x = an,y = bg) when
mapping from normalized ng coordinates to cartesian xy ones. In order to clarify the implication of this fact,
let us consider a 4-node element ABCD (Fig. 1) for which the approximation u(x,y) = a1 + a2x + a3y + a4xy
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with the node A does not vanish along BC and CD although they do not pass through it. A similar notice has
been also made for meshfree techniques (as was above mentioned), where the lack of Kronecker delta function
properties and related diﬃculties in imposing boundary conditions has been commented (Liu and Gu, 2004, p.
476). In contrast, when working with the reference square, the standard methodology of the isoparametric ele-
ment does not induce such diﬃculties but this is paid in computer eﬀort to calculate domain integrals (stiﬀness
and mass matrices).
6.3. A note in recent progress
The structure of Eqs. (7)–(11) is also valid for three-dimensional analysis but it requires substantial eﬀort to
achieve it. So far, the CPM method has been successfully applied on static potential as well as static and
dynamic (eigenvalue extraction) analysis of structures; the goal was to deal with nodes arranged only along
the twelve edges of a box-like structure, thus reducing the dimensionality (Provatidis, 2005a,b, 2006b). A sim-
ilar mesh-reduction achievement has been previously reported in the analysis of 3-D solid structures using the
two-dimensional Coons interpolation for each boundary patch in conjunction with the BEM (Provatidis,
2001).
Finally, upon ﬁnishing this paper, we feel obliged to mention that the ‘disadvantage’ of the time-consuming
domain integration that characterizes the proposed CPM method has been now reduced by properly applying
a global collocation method, which is supported on well-known background in standard ﬁnite element anal-
ysis (Carey and Oden, 1983, p. 170). Preliminary results have reported by Provatidis (2005d).
To come to an end, the proposed method is comparable with other ones in transient elastodynamic analysis
and possesses some advantages. Perhaps the advantage of the proposed method is more clear in three-dimen-
sional modeling where it makes both geometric and analysis (aﬃne) models to coincide, thus minimizing the
possibility of data transfer (CAD/CAE) errors during the product design cycle in an industrial environment
(Provatidis, 2005a,b; Provatidis, 2006b). Also, due to the small size (reduced model) of the proposed CPM
technique, it is anticipated to be eﬃcient in shape optimization loops but further research has to be conducted
for validation.
7. Conclusions
In this paper it was shown that Coons’ interpolation formula could be used to construct large ﬁnite ele-
ments, with any number of nodes along each side of a four-sided (quadrilateral) patch that represents the
structure under plane-stress or plane-strain conditions. This formula can be combined with either piece-
wise-linear, cubic B-splines or Lagrange polynomials along each of the sides of the structural patch under con-
sideration. In general, in the absence of discontinuities (smooth ﬁelds) it was found that the proposed
boundary-only method is eﬀective in small problems with simple problem domains. Otherwise it is suggested
either to subdivide the domain into some concave macroelements or use some additional internal nodes. The
proposed Coons-patch macroelements are generally applicable to transient elastodynamic analysis in conjunc-
tion with only consistent mass matrix and standard time-integration schemes such as the explicit central-dif-
ference and the implicit h-Wilson. Apart from the advantage of using a smaller number of DOFs, for a
speciﬁed accuracy, compared to the conventional ﬁnite elements, in all cases tested the transient dynamic
behavior of the Coons-patch macroelements was excellent. Particularly, when using the robust cubic B-splines
model the proposed methodology was found to be more accurate than the FEM solution, while in more com-
plex geometries the results were of similar quality, of course with the same number of nodes along the
boundary.
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